














































































































































































































































































































































































































































































































































































































































































































222 . Scientific Programming with Macintosh Pascal

so that the total number of signal data is N. Then the transform is defined also to
have N elements, denoted:

X[0], X[1], . . . XIN-1]

If the x[j] represent real-world data, each taken after a sampling time increment
of t, then the frequency (in Hertz) corresponding to the component x[j] is given
by:

freq(jl = 2 * = jI(Nt)

The Fourier formula which relates the transform elements x[j] to the signal
elements x[k] is as follows:

N-1
Mil =1 X xikirexp [__2mik
sqrt(N) k=0 N

The inverse Discrete Fourier Transform is given by a simple conjugation of the
complex exponential:

N-1
Xkl =1 ) x[jl * exp - 27 ijk
sqitN)  j=0 N

These transformations would appear to require on the order of N+*N complex
multiply operations, since N are required for each xj] in the first summation, and
in that same formula k ranges through N frequency values.

But the discovery of the Fast Fourier Transform (FFT) was based on the key
observation that many of the factors exp( ) are redundant in a certain sense. In
fact, for fixed j, the numbers:

exp(2rijk/N)

are just a particular permutation of the complex N-th roots of unity as k ranges
from 0 to N-1. When a different j is chosen and fixed, the permutation as k runs
over its range is knowable, and this knowledge can be used to recast the Fourier
sum as a sum over the complex roots instead of over, for example, k.

The FFT algorithm is not easy to understand, but once it is programmed, the
transformation performed by an FFT program will apply to any signal. Program
9.1, FFT, does the algorithm for the case that N is a power of two.

The program listing shows that 8 data are expected. One happy byproduct of
the FFT approach is that the computations can be performed ’in place.” This
means that the array of signal data, which for this program is an array of type
‘complex,’ is continually re-calculated until the transform desired resides in the
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very places originally taken by the signal. Thus the transform will be the set of N
complex pairs:

x[jl.re, x[jl.im

If desired, the amplitude of the j-th Fourier component is the quadrature sum of
these: namely, the square root of the sum of their squares.
In Figure 9.1, the user has input the squarewave data:

10
10
10
10
-10
-10
-10
-10

Note that the zeros correspond to the notion that the input data is pure real—with
vanishing imaginary parts. The output of the FFT program shows the familiar

& File Edit Search Run Windows
fft =—————— lent

m

Enter 8 complex pairs: a
program fft; 10 &
(* FAST FOURIER TRA( ; 4

const 5 -0
pi = 3.141592653¢ ' °
size = 8; (* This is ': g
type -10
complex = record [-1 0
re, im: real; Freq. Re. Im. Amp.,
end; 0 0.000 0.000 0.000
1 0.707 1.707 1.848
var 2 0.000 0.000 0.000
c,i,e,m,n,j k:in3 0.707 0.293 0.765
X, exp : arraylo.sif 4 0.000 0.000 0.000
P, q:integer; 5 0.707 -0.293 0.765
T text; 6 0.000 0.000 0.000
7 0.707 -1.707 1.848 5

Figure 9.1 FFT output—squarewave data input




224 . Scientific Programming with Macintosh Pascal

decay of squarewave harmonics that we saw in Chapter 4, program SquareWave:
the j indices 1, 3 have decreasing spectral amplitudes, in that order.

The inverse transform is obtained by simply entering conjugates, meaning
you reverse the sign of the imaginary part. Figure 9.2 shows what happens when
you input the complex conjugates of the output from the original run; namely,
you recover the original squarewave data.

Once you have a working FFT, there are options for enhancement. One
option is to extend the algorithm to handle other data sizes N than powers of two.
This can be done either by changing the so-called 'decimation’ algorithm (which
is the loop containing the call to procedure inplace) or by extending the data size
to the next power of two by appending zeros to the signal. Both methods are
discussed in most signal processing texts.

Another enhancement option is embodied in Program 9.2, FFTfileIO. This
program allows input of data not from keyboard but from disk. The filename
assumed is waveform.dat. Program 9.3, Wavemaker, lets the user input a wave-
form graphically.

The mouse is to be pressed and slid across the data graph, as shown in Figure
9.3.

Figure 9.4 shows the result of the following steps:

Step1 Runprogram WaveMaker to create a waveform on a finite interval.

Step2 This program will have saved a file on disk called waveform.dat.
Now run FFTfileIO, which assumes this input file.

Step3 Observe the final spectrum, which shows amplitudes of frequency
components of the manually created waveform. Such a spectrum
for Figure 9.3 is shown in Figure 9.4.

Alternatively, you can replace Step 2 with:

Step2 Using Macintosh Pascal Editor, create a file of data by hand or
instead, write a separate program which stores data on disk. This
last option would be useful if you wanted to know the spectrum
graph for some special, algebraically generated data.

Many interesting scientific problems involve the FFT. Some of these are
discussed in the exercises for this chapter.

Advanced Mathematical Methods

Nearly all of the concepts and programs discussed in previous chapters can be
approached in more sophisticated ways. One example is that of advanced tech-
niques in solving differential equations. The DiffEqu.lib contains a procedure
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& File Edit Search Run Windows

fﬂ%DE‘ =———— Text
program fft; Enter 8 complex pairs:
(* FAST FOURIER TR(0 O
0.707 -1.707
const 00
pi = 3.1415926530.707 -0.293
size =8; (* This {0 0 |
0.707 +0.293
type 00
complex = recorg 0.707 +1.707
re,.1m :real; |Fpeq, Re. Im. Amp .
end; 0 1.000 0.000 1.000
A2 1 1.000 0.000 1,000
ST | 1.000 0.000 1.000
i eir t arronlio 4 1.000 0.000  1.000
p.q:integer: |1 -1.000 0.000 1.000
f-text; |5 -1.000 0.000 1.000
6 -1.000 -0.000 1.000
7 -1.000 0.000 1.000 o
Figure 9.2 FFT output—inverse transform
& File Edit Search Run Windows
Drawinsm=———— text
Uriting to disk >
O
|

\/\_

Stop Stop and Store \

Figure 9.3 WaveMaker Output
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& File Edit Search Run Windows
Drawing

E[J==——= Text
Now reading signal from disk[}

Now computing FFT
Now graphing spectrum

el

Figure 9.4 FFF FilelO Output
called UPDATE, which uses the powerful Runge-Kutta method of numerical
solution for a general, second-order differential equation:

d2x
dt2

dx

=f el )
o g Y

This equation is involved in nearly all classical mechanics problems for which
the force is a function of position (x), velocity ( S ) and time (t). Often, of course,
one or more of these variables does not enter, but the Runge-Kutta still works for
such cases. Also, any differential equation:

y'’' = fly,y’x)

is of the required form, so you should not avoid the method just because physical
time or space is not involved in a problem.

Recall that in Chapter 3 we used the straightforward approach to solving
such a system, namely in program Solver we iterated in a loop the sequence:

v:=vV + axdt;
X:= X + v+dt;
t:=t+dt;
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€ File Edit Search Run Windows

DrawingE] === Text
initial position: 3
initial velocity: 8

5

=]

RHAAA/
i

Figure 9.5 RKoscillator output—note damping

The Runge-Kutta method uses more knowledge of the trajectory to predict, in a
sharper way, the future evolution. Specifically, the Runge-Kutta algorithm used
in procedure UPDATE involves several different time-steps, not just dt. The
temporary variables ki1, k2, k3, k4 represent fine adjustments to the calculus
approximation, and while the UPDATE procedure is slower than the straightfor-
ward approach, you may use a larger dt for the same accuracy; many problems
turn out to go faster overall when this more complicated iteration is used.

The UPDATE procedure is to be used as shown in Program 9.4, RKoscillator.
The idea is that a call such as:

UPDATE(pos,vel,t,dt);

will update the first three variables (thought of for this problem as position,
velocity, and time, respectively).

Figure 9.5 shows the damped oscillator output which is remarkably accurate
considering the large value (0.2) ascribed to dt. Recall that in program Oscillator,
Chapter 3, we used dt = 0.03.

Program 9.5, Comparison, shows the original oscillator program modified to
be on equal footing (i.e., have the same dt = 0.2). Output Figure 9.6 shows clearly
that this dt fails completely for the simple approach: the mass is not at all
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€ File Edit Search Run Windows
Drawings

initial position: 5

initial velocity: 1

&>

P[]

Figure 9.6 Comparison output—note absence of damping

damped. Typical initial data in program Comparison will even cause a floating
point blow-up.

Runge-Kutta methods are particularly good for orbital problems and prob-
lems for which Macintosh Pascal appears to be too slow for the required accuracy
or stability. But the most important feature of the Runge-Kutta method for the
present treatment is that it exemplifies a case in which simplicity in program-
ming technique is sacrificed in favor of higher overall performance.

Classroom Programs

By classroom programs we mean projects intended to convey physical con-
cepts—projects from which you may learn the important phenomena of the
physical world in new ways. The example selected for this chapter involves
diffraction: the interference of waves. The program is very simple, but this fact
should not detract from the educational potential of such a problem. As is
mentioned in the exercises, there are many ways to make the problem more
complex and richer if you wish to do so.

You may be familiar with the standard classroom apparatus known as a
ripple tank in which small probes (usually two) disturb a water surface, causing
circular waves to emanate from the two source points. You can see bands
emanating from the general region of the sources (usually close together). A
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€ file £dit Search lindows Pause
E[I=— Text
Wavelength: 4
Place sources with mouse

Figure 9.7 | Diffraction output

]|

N

Pascal program, taking advantage of the fine resolution of the Macintosh screen,
can be written to model this water phenomenon, which also applies in its basics
to light waves.

Program 9.6, Diffraction, lets the user click the mouse at the position of a
new source.

Figures 9.7 and 9.8 show typical output from two wave sources. This
program is a good example of a programming task which, in its simplest rendi-
tion, conveys one basic scientific fact. Observe the famous diffraction phe-
nomenon evident from these figures: the separation of the bands varies inversely
with the wavelength; the larger wavelength has smaller separation of the radial
bands.

Testing of Theories

Computers can be used to test theories, whether they be from the realm of pure
mathematics or from applied science. Witness the recent computer assault on the
Four-Color Theorem, which had lain unresolved in many aspects until a large
program proved some especially difficult cases. On the applied side of the
spectrum, computers have been brought to bear on the formidable computa-
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& file £ait Seen'(h—mimiows Pause
Elj%— Teut =

Havelength: 5 \
Place sources with mouse

!

[
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Figure 9.8 Diffraction output

tional problems of physics and chemistry, for example, plasma dynamics and
atomic physics.

We have selected a relatively simple but instructive example of a program
which tests a theory. The example involves a magnetic monople. Such particles
may exist but have not yet been found by experimenters. They would have a unit
magnetic ‘bare’ charge—without the usual second pole locatable in nature. The
field of a magnetic monopole would be radial, given by:

cig gt
=

that is, point in the r-direction and have inverse-square magnitude. Now there
are several interesting hypotheses which, although they have been proved in
many separate ways, are nevertheless difficult to visualize. The proofs them-
selves are somewhat difficult to grasp without considerable education in the-
oretical methods of physics. But a program with appropriate graphics verifies
(does not prove, but supports) the statements. Consider a charged particle, say an
electron, moving near a magnetic monopole. What is claimed is that:

1. Certain orbits will spiral in and then "reflect back’ from the monopole.

2. The actual speed of the orbiting electron never changes, even though the
motion is complicated, especially so near the monopole.
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€ File Edit Search Run Windows

Drawintsm==—— Text =—=— |
Magnetic Charge (15): 0
15 ”.“
x-velocity (0.5): 0.5 3]
]

Figure 9.9 Monopole output

3. The actual path taken lies completely on the surface of some cone, wrapped
just like a string which is drawn tight around a conical surface.

Program 9.7, Monopole, and associated graphical output Figure 9.9, shows
typical motion. Point one is easily verified, and point three is not hard to
visualize. This visualization and a verification of point 2 are discussed in the
exercises at the end of this chapter.

Deep Calculation

We close this chapter with an example mentioned in Chapter 1. There are times
when you simply live with the slowness of execution of a language, turning to
other matters, for example, as a graphics screen is filling up slowly. But slowness
is relative, and the example discussed here has counterparts in the field of high-
speed, large computers.

There are by now famous and spectacular synthetic images which have
come out of advanced computer and video technology. You can find, for exam-
ple, “bowls of ornaments’ or ’collections of wooden implements’ displayed on
color video monitors which, it is reported, took such-and-such a computer (for
example a stand-alone Cray or VAX 11/780) several hours to complete. The
following is a program whose output is several orders of magnitude less complex
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&€ File Edit Search Run_Windows
T Drawing

Figure 9.10 Scene output

than those, and which takes Macintosh Pascal a matter of hours to complete, but
which is nevertheless compelling.

Program 9.8, Scene, computes by tedious ray-tracing (again, not really
tedious to the user who, having run this program, only need return at a later time
on the clock) the visual scene of a reflecting object floating above a checkered
floor.

The output, Figure 9.10, shows the beauty and accuracy of the ray-tracing
approach, and serves as a fine example of the limits to which Macintosh Pascal
can be put.

Exercises

1. Make alterations to the program FFT so that the amplitude (last “writeln-ed”
quantity in the program listing) is graphed against an horizontal axis (fre-
quency) which should be given small tick marks because the frequency
values go from 0 through size — 1 in discrete jumps.

Try out your graphic method on a signal that is a forced sum of sine waves.
For example, choose size = 128 (the FFT will take a little while for this many
terms) and create a signal for n: = 0 to size — 1 as:

x[n].re: = sin(n/3) + sin(n/2); x[n].im: =0;
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The graphed s;i)ectrum should show the two peaks corresponding to the
frequencies 4y and 5 | butarethere any more peaks? Remember
that there is a theorem in Fourier Analysis which says that if the input data is

pure real, then the spectrum is symmetrical about the center frequency.

. Show with graphics techniques that the Fourier transform of a noise signal is
also noisy. Specifically, start with a signal:

x[nl.re:= GAUSS(0,1);  x[n].im:= 0;

for n = 0 to size-1, size = power of two, which will be what is called ‘white
noise’ —each datum is a Gaussian distributed random selection, here with
mean 0 and standard deviation 1—and plot it and its Fourier amplitude
spectrum. Then show that ‘pink noise’ has a spectrum peaked at low
frequencies. You can make pink noise by adding to each datum a piece of the
last few. This is a good way to force some ’correlation’ between one noise
datum and the last. After you have filled an array with white noise, you can
track through n and do:

xinl:= x[n] + x[n—-1)/2 + x[n-2)/4;

or some such correlation. The FFT spectrum will then show the 'pinkness’
that you expect when the noise data are correlated in this way.

. Find some recorded data which expresses a natural phenomenon, such as
the height of tide vs. time of day for several days, or the temperature in a city
vs. time of day, or a medical parameter of an organism vs. time of day. Enter
this data into a text file on your disk and run a program such as FFTFileIO to
get the frequency spectrum. The spectrum often reveals something interest-
ing. For the given example, the things you should be able to find with Fourier
technique are, respectively: the approximate period of rotation of the moon
around the Earth, the fact that 24 hours is the length of a day, the circadian
rhythm (24-hour periodicity) of most (larger) organisms.

. There is a general result that the derivative (with respect to time) of a time
series has a spectrum related to the original spectrum as follows: if x[n] is the
n-th transform component of the original signal, and y[n] is the n-th trans-
form component of the differentiated signal, then the amplitude of y[n] is
approximately a constant times n times the amplitude of x[n]. Test this
hypothesis out on some sample signals.

. Try to “'manufacture’ some digital filters, using the following basic princi-
ples. If you have a signal x, then the new signal z created by the recursion:

Z[0}: = x[0];
z[n):=x[n] + z[n-1}/2;  (* forn:= 1tosize-1"*)
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will be, amazingly enough, a low-passed version of the x signal. This means
that although z looks something like x, low frequency components of x
survive preferentially in z. This is similar to the effect of a tone control on an
audio system which performs treble cut [removes high frequencies). What is
intriguing about digital filters is that they are so easy to program—usually a
simple loop will transform the orginal signal as required.

Test the low-pass phenomenon out on some sinusoidal signal data: graph
the original sine wave and the low-passed version, for various frequencies,
to see that for higher frequencies (up to a point—you cannot go too near to
the frequency %) there is attenuation when z is graphed.

You can try FFT techniques to see if the spectrum of more complex x, z
signals are indeed digitally filtered.

There are many kinds of digital filters. Usually the recurrence relation is
one of a general class given by the form:

z[n]:=x[nl/ag + x[n-1)/a; + . ..
+ z[n-1)/b; + z[n-2]/b, + . . .

That is, the new datum z[n] is correlated with various data from both x and z
in the past. With some work you can discover a bandpass filter which allows
.one frequency through preferentially, and so on.

6. With some differential equation techniques, solve the SAM problem of N.
Tufillaro. SAM stands for ’'Swinging Atwood Machine’: one mass ml,
which will always move straight up and down, hangs from a pulley; but the
pulley cord extends horizontally over to a second pulley from which a mass
m2 hangs but is allowed to 'swing’ (combining up and down with left and
right motion). Graph the trajectories of the left-hand mass. What do you
think (intuitively) happens if you start m2 at some initial angle # 0 (with
respect to the vertical) and you let it go, but m2 < m1? It would seem like m2
would crash into its (point-sized) pulley. But this is not so! Any ratio & > 1
gives rise to bounded, 'forever’ motion of the swinging mass.

7. Witha program find the escape velocity of the Earth. You start with an initial
velocity V at the Earth's surface and solve the differential equation:

d2r _ GM

a2 sar(n)

finding out, the best way you can within the program, when the initial
velocity is just enough to eventually break away from the Earth.

8. For the magnetic monopole project of Chapter 9, show numerically the
theoretical prediction that the speed (absolute value of velocity) does not
change during the motion. If it does, there must be an error in the differential
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equation solver. As an extra option, try to invoke a Runge-Kutta solver for
the special equations of motion for the monopole problem.

9. Work out a way to verify numerically the prediction that the electron in the
monopole field does, in fact, move on the surface of some cone. Hint: what is
true of all the vectors which lie on a conical surface?

10. Using Macintosh Quickdraw it is possible to create some really satisfying
visual effects. Try writing a program which enables you, by some mouse
means of your invention, to ‘sail through space’ in different directions,
watching globes fly by as you do so. You can use the principles of 3-D
graphics and perspective of Chapter 6, and the facts about screen and mouse
from Chapter 2, to draw, from your vantage point (x,y,z) in 3-space, the
appearance of globes at any time. You can animate either by full screen
blanking between overall re-drawings, or by blanking then re-drawing each
globe in succession. The former is easier to program, since the latter requires
you do the closest globes last; but the latter looks better to some
‘navigators’.

Answers

1. Itisagood idea to compute, prior to graphing, the maximum amplitude over
the 0. . . size — 1 Fourier components. Call this ampmax. Then use shifts and
draws to the points:

X amplitudelj]

' ampmax

for a spectral plot which will now fit nicely on the screen. There should be
four major peaks in your graph.

2. The noisy spectrum, according to theory, is also Gaussian. There is no easy
way to tell this, except for the qualitative observation that the spectrum
looks ’something like’ the original signal. One exception is that for real
signal data, the spectrum is symmetrical about the center frequency. For
‘pink’ noise, the spectrum will be again very noisy in the qualitative sense,
but should have noticeably greater amplitude for lower frequencies.

3. This is an exploratory problem whose results depend on the nature of the
input data. The observations with respect to peaks in the spectrum must
usually be qualitative.

4. The canonical example of this is the squarewave-triangle wave system, for
which the former is the derivative of the latter.
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5. The digital filter systems of the recursive type indicated are easy to solve
theoretically if the input data x[n] is periodic. In fact, if:

x[n] = exp(iWn)
then the trial solution:
z[n] = A(n) exp(iWn)

results, when substitued into the recursion relation for the filter, in an
algebraic equation for A(n). This factor A(n) will, of course, be the filter
function for the filter in question. On balance, this theoretical calculation is
the best way to approach the problem, especially if a particular filter is
desired. You can try different coefficients and graph the function A(n) until
it has the desired shape. Then the actual digital filtering will have the correct
behavior.

N . . . .m .
6. The 'magicratios’ of =5 are interesting. A special caseis wz = 3, for which

every trajectory of mass m2 which starts right at its pulley, and for any initial
angle and velocity # 0, forms a perfect “teardrop’ shape. For other ratios,
you can also get ‘smiles’ and ’figure eights.’

7. Start with a trial vand r = radius of Earth, then iterate:

v:=v - GM/sqr(r) * dt;
r=r+v=+dt;
t=t+dt

Good values for dt should be in the 100-second region if you use book values
(in M.K.S. system of units) for M, r, and G.

The problem of finding the initial v which barely allows escape is not easy,
but with a little work, you can show that the escape velocity is of the order of
11000 meters per second.

8. The reason why speed is constant over the whole trajectory is that the
magnetic force q v X B is always perpendicular to the velocity vector v. If
you define a dot product function, then:

speed = sqrt(dot(v,v))

It is interesting to try to get more precise trajectories by continually nor-
malizing the velocity vector so that the speed is forced to always be equal to
the initial speed. This expedient—of using a known physical theorem to
normalize a solution to a differential equation—often enhances accuracy
significantly.
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The condition that a vector v lie on a certain cone is that for an appropriate
vector u:

dot(u,v)
sqrt(dot(v,v))

is a constant.

The remarks relating to Exercise 5, Chapter 6 are relevant for this problem.
It is probably best always to keep track of all globes at all times. This can be

done in three arrays of x[i], yli], zli]; i = 1. .N, or in a matrix of dimensions 3
by N.
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Progflm 9.1

program fft;
(* FAST FOURIER TRANSFORM PROGRAM *)

const
pi = 3.1415926536;
size = 8; (* This is data sample size - must be power of two *)

type
complex = record
re, im : real;
end;

var

c, i, e, m, n, j, k : integer; .o
X, exp : array[0..size] of complex;

P, 9 : integer;

£ : text;

procedure inplace (var g, h : complex;

f : complex);
(* Performs in-place computation for data pair (g,h) and exponential*)
(* multiplier f *#*)

var
tmp : real;
begin
g.re := g.re + (f.re * h.re - £.im * h.im);

g.im := g.im + (f.re * h.im + f£f.im * h.re);
tmp := g.re - 2 * (f.re * h.re - £f.im * h.im);
h.im := g.im - 2 * (f.re * h.im + f.im * h.re);
h.re := tmp;

end;

begin
showtext;
writeln ('Enter ', size : 1, ' complex pairs: ');
c = 1;
n := round(ln(size) / 1ln(2)); (* i.e., size = 2%n *)
for j := 0 to size - 1 do
begin
(* Next, fix sin and cos array elements for maximum speed later *)
exp[jl.re := cos(2 * pi * j / size);
exp[jl.im := sin(2 * pi * j / size);
(* Next, scramble the input order with reverse-complement-binary *)
e := size div 2;
= 32
=0
1

.
.
.
=

i
k
m

~e “o
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p := 1 div e;

i := i mod e; )
e := e div 2;

k :=k +m * p;

m :=m + m;
until e = 0;
(* Next, get the actual signal data as re, im pair *)
readln (x[k] .re, x[k].im);
end;
e := size;
(* Next, use decimation-in-frequency FFT algorithm *)
(* j will be the count of inplace full-vector iterations *)
for j :=0ton -1 do '
begin
e := e div 2;
for k := 0 to ¢c -1 do

begin
for i := 0 toe -1 do
begin
pPp:=k+c* (2 *i);
q :=p + ¢c;

m := (p * e) mod size;
(* Next, process the (p-th,q-th) 'butterfly' *)
inplace (x[p], x[q], exp[m]);
end;
end;
c =c¢ + ¢c;
end;
writeln ('Freq. Re. Im. Amp.');
(* Next, output the re,im parts and amplitudes of Fourier Transform *)
for j := 0 to size - 1 do
begin
x[j]l.re := x[j).re / sqrt(size);
x[j]l.im := x[j].im / sqrt(size);
write(j : 1, ' ', x[jl.xe : 10 : 3, ' ', x[j]l.im : 10 : 3);
writeln (sqrt (sqr(x[j].re) + sqr(x[jl.im)) : 10 : 3);
end;
end.

Program 9.2

program fftfileIO; .
(* FFT PROGRAM WITH FILE INPUT AND SPECTRUM GRAPH OUTPUT *)

cons
pi = 3.1415926536;
size = 64; (* This is data sample size - must be a power of two *)

(continued)




240 - Scientific Programming with Macintosh Pascal

type
complex = record
re, im : real;
end;

var

c, i, e, m, n, j, k : integer;

X, exp : array[0..size] of complex;
P, 9 : integer;

f : text;

maxamp : real;

procedure inplace (var g, h : complex;
f : complex);
(* Performs in-place computation for data pair (g,h)
(* multiplier £ *)
var
tmp : real;
begin
g.re := g.re + (f.re * h.re - £.im * h.im);
g.im := g.im + (f.re * h.im + £.im * h.re);
tmp := g.re — 2 * (f.re * h.re - £.im * h.im);
h.im := g.im - 2 * (f.re * h.im + f.im * h.re);
h.re := tmp;
end;

procedure CLEAR;
var
windowrect : rect;

begin
hideall;
setrect (windowrect, 2, 35, 512, 342);
setdrawingrect (windowrect) ;
showdrawing;

end;

procedure MAP (x, y : real;
var hor, ver : integer);
begin
if abs(x) > 1.9 then
X :=x / abs(x) * 1.9;
hor := 255 + trunc(x * 130);
if abs(y) > 1 then o
y :=y / abs(y):
ver := 138 - trunc(y * 130);
end;

procedure DRAW (x, y : real);
var
hl, vl : integer;

begin

and exponentialt*)
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MAP (x, y, hl, v1);
lineto (hl, vl1);
end; {draw}

procedure SHIFT (x, y : real);
var
hl, vl : integer;
begin
MAP (x, y, hl, vl1);

moveto (hl, vl);
end; {shift}

begin

CLEAR;

reset (f, 'waveform.dat');

showtext;

writeln ('Now reading signal from disk');

c :=1;

n := round(ln(size) / 1n(2)); (* i.e., size = 2”n *)
for j := 0 to size - 1 do

begin
(* Next, fix sin and cos array elements for maximum speed later *)

exp[jl.re := cos(2 * pi * j / size);

exp[jl.im := sin(2 * pi * j / size);

(* Next, scramble the input order with reverse-complement-binary *)
e := size div 2;
i:=3;

k := 0;
m := 1;
repeat

div e;

mod e;

div 2;

+ m* p;

=m+ m;

until e = 0;

(* Next, get the actual signal data as re, im pair *)
readln(f, x[k].re, x[k].im);

end;

close(f);

writeln ('Now computing FFT');

e := size;

(* Next, use decimation-in-frequency FFT algorithm *)

(* j will be the count of inplace full-vector iterations *)

for j := 0 ton -1 do

begin
e := e div 2;
for k := 0 toc -1 do
begin
for i := 0 toe -1 do (continued)

o
]
30 M
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begin
pi:i=k+c* (2 *i);
q:=p +c;
m := (p * e) mod size;
(* Next, process the (p-th,qg-th) 'butterfly' *)
inplace (x[p], x[q], exp[m]);
end;
end;
c :=c¢c + ¢;
end;
maxamp := 0;
(* Next, find the maximum unnormalized amplitude *)
for j := 0 to size - 1 do
begin
x[j]l.re := sqrt(sqr(x[j)l.re) + sqr(x[j].im));
if x[j].re > maxamp then
maxamp := x[j).re;
end;
SHIFT (-1, -1):
DRAW(1, -1);
SHIFT (-1, x[0]).re / maxamp - 1);
writeln('Now graphing spectrum');
for j := 0 to size - 1 do
begin
DRAW(-1 + 2 * j / size, x[j].re / maxamp - 1);
end;
end.

Program 9.3

program wavemaker;
(* USED TO DRAW WAVEFORMS FOR ANALYSIS BY OTHER PROGRAMS *)

const o
bins = 64; (* Make compatible with FFT data size *)
pixels = 5;

var

y : array[O0..bins] of integer;
X, XX, Yy, n : integer;

f : text;

procedure CLEAR;
var
windowrect : rect;
begin
hideall;




Selected Scientific Applications « 243

setrect (windowrect, 2, 35, 512, 342);

setdrawingrect (windowrect) ;
showdrawing;
end;

begin

CLEAR;

for n := 0 to bins - 1 do
y[n] := 128;

moveto (100, 128);

lineto (100 + pixels * 64, 128);

moveto (0, 260);
lineto (500, 260);
moveto (8, 280);
writedraw ('Stop');
moveto (300, 350);
lineto (300, 260);
moveto (304, 280);
writedraw('Stop and Store');
pensize(l, 2);
repeat

getmouse (x, yy):

if (button) and (yy < 258) and (yy > 2) then

begin

n := round((x - 100) / pixels);

if (n > 0) and (n < bins - 1) then

begin
penpat (white) ;

xx := 100 + pixels * (n - 1);

moveto (xx, y[n - 1]);
lineto (xx + pixels, yl[n]):

lineto(xx + 2 * pixels, y[n + 1]);

penpat (black) ;
y[n] := yy;
lineto (xx + pixels, y([n]);
lineto(xx, y[n - 1]);
end;
end;
until (yy > 260) and (button):;
if (x > 300) then
begin
showtext;
rewrite (£, 'waveform.dat');
writeln('Writing to disk');
for n := 0 to bins - 1 do
writeln(f, y[n] - 128 : 1, '
close (f);
end;
end.
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Program 9.4

program RKoscillator;

(* RUNGE-KUTTA METHOD FOR DAMPED OSCILLATORY)
(* POOR dt = 0.2 INTENTIONALLY CHOSEN *)

(* TO DEMONSTRATE STABILITY *)

const
m=1;

k = 100;
b=1;

var
pos, vel : real;
t : real;

procedure UPDATE (var x, dxdt, t : real;
dt : real);
var
k1, k2, k3, k4 : real;

function £ (x, dxdt, t : real) : real;
begin

f=-k*x/m-2*Db * dxdt / m;
end;

begin v
kl :=dt * f£(x, dxdt, t);
k2 :=dt * £(x + dt * (dxdt + k1 / 4)/ 2, dxdt + k1
k3 :=dt * £(x + dt * (dxdt + k2 / 4)/ 2, dxdt + k2
k4 :=dt * f£(x + dt * (dxdt + k3 / 2), dxdt + k3, t

X :=x + dt * (dxdt + (k1 + k2 + k3) / 6);

dxdt := dxdt + (k1 + 2 * k2 + 2 * k3 + k4) / 6;

t :=t + dt;
end;

procedure CLEAR;

dt / 2);

Lt 4+
+dt/ 2);
)

/ 2
/2,
+ d

(* Activates and expands Drawing Window to fill screen *)

var
windowrect : rect;

begin

hideall;

setrect (windowrect, 2, 35, 512, 342);
setdrawingrect (windowrect) ;
showdrawing;

end;

procedure MAP (x, y : real;
var hor, ver : integer);
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(* Returns hor,ver as pixel integers for given real coords (x,y) *)

begin
if abs(x) > 1.9 then
X :=x / abs(x) * 1.9;
hor := 255 + trunc(x * 130);
if abs(y) > 1 then
y :=y / abs(y):;
ver := 138 - trunc(y * 130);
end;

procedure DRAW (x, y : real);
(* Draws to (x,y) *)

var
hl, vl integer;
begin
MAP(x, y, hl, vl1);
lineto(hl, v1);
end;

procedure SHIFT (x, y : real);
(* moves invisible to (x,y) *)
var
hl,
begin
MAP(x, y, hl, vl);
moveto (hl, vl);
end;

vl integer;

begin
CLEAR;
SHIFT (-1, 1);
DRAW (-1, -1);
SHIFT (-1, 0):;
DRAW(1, 0);
showtext;
write('initial position:
readln (pos) ;
write('initial velocity:
readln(vel);
t = 0;
SHIFT (-1, pos):;
repeat
UPDATE (pos, vel, t, 0.2);
DRAW(t / 3 - 1, pos);
until t > 6; (* Or some appropriate
end.

.
’

')

.
’

")

condition *)
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Program 95

program comparison;
(* MODIFED DAMPED OSCILLATOR, FOR COMPARISON WITH*)
(* RUNGE-KUTTA METHOD HAVING SAME dt = 0.2 *)

const

dt = 0.2; (* this is your small time increment *)
m= 1;

k = 100;

b =1;

var

pos, vel, acc : real;

t : real;

procedure CLEAR;
(* Activates and expands Drawing Window to fill screen *)
var
windowrect : rect;
begin
hideall;
setrect (windowrect, 2, 35, 512, 342);
setdrawingrect (windowrect) ;
showdrawing;
end;

procedure MAP (x, y : real;
var hor, ver : integer);

(* Returns hor,ver as pixel integers for given real coords (x,y)
begin

if abs(x) > 1.9 then

x :=x / abs(x) * 1.9;

hor := 255 + trunc(x * 130);

if abs(y) > 1 then

y :=y / abs(y);

ver := 138 - trunc(y * 130);

end;

procedure DRAW (x, y : real);
(* Draws to (x,y) *)
var
hl, vl : integer;
begin
MAP(x, y, hl, vl1);
lineto(hl, vl);
end;

procedure SHIFT (x, y : real);
(* moves invisible to (x,y) *)
var
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hl, vl : integer;
begin
MAP(x, y, hl, vl);
moveto (hl, vl);
end;

begin

CLEAR;

SHIFT (-1, 1):

DRAW(-1, -1);

SHIFT (-1, 0);

DRAW(1, 0):;

showtext;

write('initial position: ')
readln (pos) ;

write ('initial velocity: ')’
readln(vel) ;

t :=0;

repeat

acc := -k *pos /m -2 *b *vel / m;

vel := vel + acc * dt;
pos := pos + vel * dt;

if t = 0 then

SHIFT(t / 3 - 1, pos)
else
DRAW(t / 3 - 1, pos);

t :=t + dt;

until t > 6; (* Or some appropriate condition *)
end.

Program 9.6

program diffraction;
(* WAVE DIFFRACTION MODEL - USER CREATES SPHERICAL?

(* COHERENT SOURCES *)

var
X, y, lambda : integer;

procedure CLEAR;

var
windowrect : rect;

begin
hideall;
setrect (windowrect, 2, 35, 512, 342);
setdrawingrect (windowrect) ;
showdrawing;

end;
(continued)
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procedure dosource (x, y, lambda

var
r : integer;
al, a2, a3, a4, a : real;

: integer);

begin

r :=1;

al := sgrt(sqr(x) + sqr(y)):;

a2 := sqrt(sqr(x) + sqr(300 - y));

a3 := sqrt(sqr(510 - x) + sqr(y)):;
a4 := sqrt(sqr (510 - x) + sqr(300 - y));
if al > a2 then

a := al
else

a := az2;

if a3 > a then

a := a3;

if a4 > a then

a := a4;

repeat

frameoval(y - r, x - r, y + r,
r := r + lambda;

until r > a;

end;

begin

CLEAR;

showtext;

write ('Wavelength: ');
readln (lambda);

x + r);

write ('Place sources with mouse');

repeat

if button then

begin
getmouse (x, y);
if (y > 2) then
dosource(x, y, lambda);

end;

until false;
end.

Program 9.7

program monopole;

(* MODELS ORBITAL MOTION OF ELECTRON NEAR *)

(* A MAGNETIC MONOPOLE *)

const
dt = 0.02;
aa = 0;




bb = 1;
cc = ~-1;
type

vector = array[l..3] of real;

var
r, v, B, F : vector;
g : real;

procedure cross (var c :
a, b : vector):;

vector;

begin

c[1l]) := a[2] * b[3] - a[3] * b[2];
c[2] := a[3] * b[1l] - a[l] * b[3];
c[3] := a[l] * b[2] - a[2] * b[1];
end;
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function norm (v : vector) real;
begin
norm := sqrt(sqr(v[l]) + sqr(v([2]) + sqr(v[3]));
end;
procedure compute (var B : vector;
r : vector):;
var
n : integer;
nor : real;
begin
nor := norm(r);
nor := nor * sqgr(nor);
for n := 1 to 3 do
B[n] := g * r[n] / nor;
end;
procedure UPDATE (var x : vector;
dxdt : vector;
dt : real);
var
n : integer;
begin
for n := 1 to 3 do
x[n] := x[n] + dxdt[n] * dt;
end; .

procedure CLEAR;
var
windowrect :

begin

hideall;

rect;

(continued)
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setrect (windowrect, 2, 35, 512, 342);
setdrawingrect (windowrect) ;
showdrawing;
end;

procedure MAP (x, y : real;
var hor, ver : integer):;

begin

if abs(x) > 1.9 then

X :=x / abs(x) * 1.9;

hor := 255 + trunc(x * 130);

if abs(y) > 1 then

Yy :=y / abs(y);

ver := 138 - trunc(y * 130);
end;

procedure DRAW (x, y : real);
var
hl, vl : integer;
begin
MAP (x, Y, hl, vi1);
lineto (hl, v1);
end;

procedure SHIFT (x, y : real);
var
hl, vl : integer;
begin
MAP(x, y, hl, vl);
moveto (hl, vl);
end;

procedure ROTATE (var x, Y, z : real;
a, b, ¢ : real);
var
sX, sy, 8z, tx, ty, tz : real;
begin
8X := X * cos(c) - y * sin(c);
sy := X * sin(c) + y * cos(c);
8z := z;
tx := sx;
ty t= sy * cos(b) - sz * sin(b);
tz := sy * sin(b) + sz * cos(b);
X = tx * cos(a) - ty * sin(a);
Y = tx * sin(a) + ty * cos(a);
zZ := tz;
end;

procedure SDRAW (x, y, z, a, b, ¢ : real);
var
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u, v, w : real;

begin

u = x;

v o= y;

w o= Z;

ROTATE(u, v, w, a, b, c¢);
DRAW(u, v);

end;

procedure SMOVE (x, y, z, a, b, ¢ : real);
var
u, v, w : real;
begin
u = x;
v =y,
w = Z;
ROTATE(u, v, w, a, b, c);
SHIFT (u, v);
end;

procedure AXES (a, b, ¢ : real);

begin
SMOVE(-1, 0, 0, a, b, ¢);
SDRAW(1, 0, 0, a, b, c);
SMOVE(0, -1, 0, a, b, ¢);
SDRAW(O, 1, O, a, b, c¢);

SMOVE (0, 0, -1, a, b, ¢);
SDRAW(O0, 0, 1, a, b, ¢);

end;

begin
CLEAR;
AXES (aa, bb, cc);
showtext;
repeat
write ('Magnetic Charge (15): ');
readln(qg);
write ('x-velocity (0.5): ');
readln(v([1l]);
r[l] := -1;
r[2] := 0;
r[3] := 0.3;
v[2] := 0.5;
v[3] := -0.2;
SMOVE (x[1], x[2], r[3], aa, bb, cc);
repeat
compute (B, r);
cross(F, v, B); (* Lorentz Force is F = q v X B *)
UPDATE (v, F, dt);

(continued)
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UPDATE(r, v, dt);

SDRAW (r[1], r[2]), r[3], aa, bb, cc);
until norm(xr) > 1.7;

until false;
end.

Program 9.8

program scene;
(* CREATES VISUAL SCENE OF FLOATING MIRRORED SPHERES *)
(* ALLOW 24 HOURS FOR THE RUN *)
type v
vector = array[l..3] of real;

var
v, o, n, r, centerl, center2 : vector;
i, xpixel, ypixel : integer;
screenx, screeny, shade : real;
intersection, blackhit : boolean;

procedure CLEAR;
var
windowrect : rect;
begin
hideall;
setrect (windowrect, 2, 35, 512, 342);
setdrawingrect (windowrect) ;
showdrawing;
end;

function dot (o, v : vector) : real;

{ dot returns the dot product of o and v }
begin

dot := o[l] * v[l1l] + o[2] * v[2] + o[3] * v[3];
end; { dot }

function magnitude (v : vector) : real;

{ returns the length of vector v }
begin

magnitude := sqrt(sqr(v[1l]) + sqr(v[2]) + sqr(v[3])):
end; { magnitude }

procedure reflect (n : vector;
var v : vector);
{ calculates r, the reflection of v relative to n }
var
i : integer;
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length : real;
begin

length := dot(v, n);

for i :=1 to 3 do

v[i] := v[i] - 2 * n[i] * length;
end; { reflect }

function intersectspherel (o, v : vector) : boolean;
{ tests whether the ray o+tv intersects sphere with radius 1 centered at
centerl }
begin
o[l] := o[l] - centerl[l]:;
o[2] := o[2] - centerl(2];
o[3] := o[3] - centerl(3]:;
if (sqr(magnitude(o)) - sqr(dot(o, v))) < 1 then
intersectspherel := true
else
intersectspherel := false;
end;{ intersectspherel }

function intersectsphere2 (o, v : vector) ' : boolean;
{ tests whether the ray o+tv intersects sphere with radius 1 centered at
radius2 }
begin
o[l] := o[l] - center2[l];
o[2] := o[2] - center2[2];
o[3] := o[3] - center2[3]:;
if (sqr(magnitude(o)) - sqr(dot(o, v))) < 1 then
intersectsphere2 := true
else
intersectsphere2 := false;
end; { intersectsphere2 }

function intersectplane (v : vector) : boolean;

{ checks for intersection of v with plane }
begin

if v[3] < 0 then

intersectplane := true

else

intersectplane := false;
end; { intersectplane }

function shadepixel (v : vector) : real;
{ shadepixel chooses a shade between 0 and 1 }
begin

if blackhit = true then
shadepixel := 0
else
shadepixel := 1.4 * (v[3] + 1.0) / 2.0;
(continued)
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{ background gets lighter as it gets higher}
{change this to change how background looks}
end; { shadepixel }

procedure drawpixel (xpixel, ypixel :' integer;
shade : real):; .
{ drawpixel colors the pixel white or black }
begin
if shade < ((random + 32767) / (2 * 32767)) then
begin
moveto (xpixel, ypixel);
lineto (xpixel, ypixel);
end
end; { drawpixel }

procedure coordinatechange (xpixel, ypixel : integer;
var screenx, screeny : real);
{ changes screen coordinates to "window" coordinates }
begin
screenx := (1.0 / 171.0) * xpixel - 512.0 / 342.0;
screeny := 1.0 - (1.0 / 171.0) * ypixel;
end; { coordinatechange }

procedure initialize (var o, v : vector;
var blackhit : boolean);
var
i : integer;
length : real;
begin
coordinatechange (xpixel, ypixel, screenx, screeny);
o[l] := -1.0;
o[2] := 0.0;
o[3] := 0.0;

{ o is the "eye", where the initial sight vector v originates
vil] := 1;
v[2] := screenx;
v[3] := screeny;

length := magnitude(v);
for i := 1 to 3 do
v[i] := v[i] / length;
blackhit := false;
end; { initialize }
procedure newray (var o, v : vector;
var intersection, isblack : boolean);

{ traces ray v and reflects it off any object it hits }
var

i : integer;

tspherel, tsphere2, tplane, a, b, ¢, t : real;

n, otemp, spherelhit, sphere2hit, planehit : vector;
begin

isblack := false;

Voo
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intersection := false;
if intersectspherel (o, v) then
begin
otemp[l] := o[l] - centerl[l];
otemp[2] := o[2] - centerl[2];
otemp[3] := o[3] - centerl[3]:;
a := sqr(magnitude(v));
b := 2 * dot (otemp, v);
¢ := sqr (magnitude (otemp)) - 1.0;
if (sqr(b) - 4.0 * a * ¢) > 0.0 then
t := (-b - sqrt(sqr(b) - 4.0 * a * ¢c)) / (2.0 * a)
else
t := 100.0;
if t > 0.0 then
begin
intersection := true;
tspherel := t;
end
else
tspherel := 100.0;
end
else
tspherel := 100.0;
if intersectsphere2(o, v) then
begin
otemp[l] := o[l] - center2[l];
otemp[2] := o[2] - center2[2]:
otemp[3] := o[3] - center2[3]:
a := sqr(magnitude(v)):;
b := 2 * dot (otemp, v);
c := sqr(magnitude (otemp)) -~ 1.0;
if (sqr(b) - 4.0 * a * ¢) > 0.0 then
t := (-b - sqrt(sqr(b) - 4.0 * a * ¢c)) / (2.0 * a)
else
t := 100.0;
if £t > 0.0 then

begin
intersection := true;
tsphere2 := t;
end
else
tsphere2 := 100.0;
end
else

tsphere2 := 100.9;
if intersectplane(v) then
begin
intersection := true;
tplane := (-1.0 - o[3]) / v[3]: v

e= 3 .
for i 1to3do (continued)
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planehit[i] := o[i] + tplane * v[i];
end
else
tplane := 100.0;
if intersection then
begin
if (((tspherel < tsphere2) and (tspherel < tplane)) and (ts
then
begin
for i := 1 to 3 do
spherelhit[i] := o[i] + tspherel * v[i];
n[l] := spherelhit[1l] - centerl([1l];
n[2] := spherelhit[2] - centerl[2];
n[3] := spherelhit[3] - centerl[3];
o := spherelhit;
reflect(n, v):;
end
else if (((tsphere2 < tspherel) and (tsphere2 < tplane)) and (tsphere2 <,
90.0)) then
begin
for i := 1 to 3 do
sphere2hit[i] := o[i] + tsphere2 * v[i];
n[l] := sphere2hit[l] - center2[1l];
n[2] := sphere2hit[2] - center2(2];
n[3] := sphere2hit[3] - center2(3];
o := sphere2hit;
reflect(n, v)
end
else if (((tplane < tspherel) and (tplane < tsphere2)) and (tplane <
90.0)) then
begin
begin
if (((trunc(planehit[1])+ trunc(planehit[2]+ 300.0)) mod 2) = 1) then
begin
isblack := true;
intersection := false;
end
else
begin
n(l}) := 0.0
n(2] := 0.0;
n(3] :=1.0;
o := planehit;
reflect (n, v);
intersection := true;
end;
end;
end
else

’
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intersection := false
end; o
end; { newray }

begin
CLEAR;
centerl[1l] := 1.0;
centerl([2] := 0.5;
centerl[3] := 1.0;
center2[1l] := 2.0;
center2[2] := -1.0;
center2[3] := 0.0;

{ describes centers of spheres }
for ypixel := 307 downto 1 do
begin
for xpixel := 500 downto 1 do
begin
initialize (o, v, blackhit);
intersection := true;
repeat
if intersection = true then
newray (o, v, intersection, blackhit);
until intersection = false;
shade := shadepixel (v);
drawpixel (xpixel, ypixel, shade)
end
end
end.




Appendix A

Graphics Library

(* GRAPHICS.lib ¥*)
(* MACINTOSH LIBRARY FOR GRAPHICS OUTPUT *)

(* The region of the drawing plane defined by the *)
(* inequalities: -1 < x < 41, -1 <y < +1 will be a convenient squaret*)
(* centered in the graphics window. *)

procedure CLEAR;
(* Activates and expands Drawing Window to fill screen *)
var
windowrect : rect; '
begin
hideall;
setrect (windowrect, 2, 35, 512, 342);
setdrawingrect (windowrect) ;
showdrawing;
end;

procedure MAP (x, y : real;
var hor, ver : integer);

(* Returns hor,ver as pixel integers for given real coords (x,y) *)
begin

if abs(x) > 1.9 then

x :=x / abs(x) * 1.9;

hor := 255 + trunc(x * 130);

if abs(y) > 1 then

y :=y / abs(y);

ver := 138 - trunc(y * 130);
end;

procedure DRAW (x, y : real);
(* Draws to (x,y) *)
var
hl, vl : integer;
begin
MAP (x, y, hl, v1);
lineto(hl, vl);
end; (continued)

259
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procedure SHIFT (x, y : real);
(* moves invisible to (x,y) *)
var
hl, vl : integer;
begin
MAP (x, y, hl, v1);
moveto (hl, vl);
end;

procedure PLOT (x, y : real);
(* Plots a point to (x,y) *)

begin
SHIFT(x, y):
DRAW(x, y);
end;

procedure CIR (x, y, r : real):;
(* Draws circle of radius r centered at (x,y) *)
var
hl, vl1, h2, v2 : integer;
begin
MAP(x - r, y + r, hl, vl1);
MAP(x + r, y - r, h2, v2);
frameoval (vl, hl, v2, h2);
end;

procedure UNMAP (h, v : integer;
var x, y : real):;
(* Forces real coordinates (x,y) to correspond to given pixel (h,v) *)
begin
x := (h - 255) / 130;
y := (138 - v) / 130;
end;

procedure REALMOUSE (var x, y : real):;
(* The real-coordinates equivalent to 'getmouse(h,v)' *)
var
m, n : integer;
begin
getmouse(m, n);
UNMAP (m, n, %X, y);
end;

Statistics Library

(* STAT.LIB STATISTICS LIBRARYY*) .
(* requires globals "size: integer" and type sample =arrayl[..]of real *)
(* arguments of type sample are declared var for efficiency reasons *)




function RAND (x : real) : real;

(* Returns a random real in (0,x) exclusive
begin

RAND := x * (random + 32768) / 65536;

end;

function SUMM (var v : sample) : real;
var

ctr : integer;
sum : real;
begin
sum := 0;

for ctr := 1 to size do
sum := sum + victr];

SUMM := sum;

end;

function MEAN (var v : sample) : real;
(* Returns mean value of sample *)

begin v
MEAN := SUMM(v) / size;

end;

function PROD (var u, v : sample) : real;
var

ctr : integer;
sum : real;
begin
sum := 0;

for ctr := 1 to size do

" sum := sum + uf[ctr] * victr];
PROD := sum;
end;

function ERROR (var u : sample) : real;
(* Returns standard deviation of sample *)
var

m : real;

ctr : integer;

z : sample;

begin
m := MEAN (u);
for ctr := 1 to size do

z[ctr] := u[ctr] - m;
ERROR := sqrt (PROD(z, z) / (size - 1));
end;

function DETR (var u : sample) : real;
begin

DETR := sqr (SUMM(u)) - size * PROD(u, u)
end;
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*)
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function BESTM (var x, y : sample) : real;

(* Returns best-fit slope *)

begin

BESTM := (SUMM(y) * SUMM(x) - size * PROD(x, y)) / DETR(x);
end;

function BESTB (var x, y : sample) : real;
(* Returns best-fit intercept ¥*)
begin

BESTB := (SUMM(x) * PROD(x, y) - SUMM(y) * PROD(x, x)) / DETR(x);
end;

procedure GETDATA (var x : sample;
var size : integer);
(* Reads a sample and sets 'size' *)
begin
size := 0;
repeat
size := size + 1;
readln (x[size]):
until eof; (* Hit ENTER for keyboard eof *)
end;

procedure GETPAIRS (var x, y : sample;
var size : integer);
(* Reads two sample columns of data and sets 'size' *)
begin
size := 0;
repeat
size := size + 1;
readln (x[size], y[size]):
until eof; (* Hit ENTER for keyboard eof *)
end;

function MAXPOINT (var x : sample) : integer;
(* Returns index of sample maximum *)
var
pt, ctr :
m : real;
begin
m := x[1];
pt := 1;
for ctr := 2 to size do
if x[ctr] > m then

integer;

begin
pt := ctr;
m := x[ctr]
end;

MAXPOINT := pt;
end;
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function MINPOINT (var x : sample) : integer;
(* Returns index of sample minimum *)
var
ctr, pt :
m : real;
begin
m := x[1];
pt = 1;
for ctr := 2 to size do
if x[ctr] < m then
begin
pt := ctr;
m := Xx[ctr]
end;
MINPOINT := pt;
end;

integer;

function POISS (mean : real) : integer;

(* produces random integers in Poisson distribution *)
var

sum : real;
ctr : integer;
begin

sum := 0;
ctr := -1;
repeat
ctr := ctr + 1;
sum := sum - 1ln(RAND (1))
until sum > mean;
POISS := ctr
end; { poiss }

function GAUSS (mean, error : real) : real;
(* Produces random real in Gaussian distribution *)
var
u, v, X : real;
begin
rebeat
u := RAND(1);
v := RAND(1):;
X = 2.0 * (v - 0.5) / u

until sqr(x) <= -(4.0 * ln(u));
GAUSS := X * error + mean;
end;

Matrix Algebra Library

(* MATRIX.1lib - MATRIX ALGEBRA LIBRARY *)
(* requires globals type matrix = array[l..dim,1l..dim] of real; *)
(* and vector = array [l..dim] of real *) {conﬁnuaﬂ
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procedure READVECT (n : integer;
var x : vector);

(* Read a vector of dimension n *)
var

j : integer;
begin

for j := 1 to n do

read(x[j]);

readln;
end;

procedure READMAT (n : integer;
var m : matrix);
(* Read an nXn matrix *)

var
i, j : integer;
begin
for i :=1 to n do
begin

for j :=1 to n do
read(m[i, j1);
end;
end;

procedure WRITEMAT (n : integer;
m : matrix);
(* Outputs an nXn matrix *)
var
i, j : integer;
begin
for i := 1 to n do
begin
for j :=1 to n do
write(m[i, j] : 6 : 3);
writeln;
end;
end;

procedure WRITEVEC (n : integer;
X : vector);

(* Outputs a vector x of dimension n *)
var

i, j : integer;
begin

for i := 1 to n do

write(x[i] : 6 : 3);

writeln;
end;

function DET (n : integer;
a : matrix) : real;
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(* Return the determinant of nXn matrix a *)
(* NOTE !! Dimension of matrix var must be at least n+l *)
var

ii, 3j3j, kk, 11, £ff, nxt : integer;

piv, cn, big, temp, term : real;

begin
ff = 1;
for ii := 1 ton -1 do
begin
big := 0;
for kk := ii to n do
begin

term := abs(al[kk, ii]):;
if term - big > 0 then

begin
big := term;
11 := kk;
end;
end;
if ii - 11 <> 0 then
ff := -£f£;
for jj := 1 ton + 1 do
begin
temp := al[ii, jjl;
a[iir jj] := a[ll, jj]l’
a[ll, jj) := temp:
end;
piv := al[ii, ii];

nxt := ii + 1;
for jj := nxt to n do

en := al[jj, ii] / piv;
for kk := ii ton + 1 do
a[jj, kk] := a[3jj, kk] - cn * a[ii, kk];
end;
end;
temp := 1;
for ii := 1 to n do
temp := temp * a[ii, ii];
det := temp * ff;
end;

procedure SOLVE (n : integer;
a : matrix;
c : vector;
var x : vector);

var
k : integer;
d : real;

(continued)
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procedure swap (n, k : integer;
var a : matrix;
var c : vector);
var
e : real;
j : integer;
begin
for j := 1 to n do
begin
e := c[jl;
cl[3l := alj, k];
alj, k] := e;
end;
end;

begin

d := DET(n, a);

for k := 1 to n do
begin
swap(n, k, a, c);
x[k] := det(n, a) / d;
swap(n, k, a, ¢);
end;

end; { solve }

procedure CHANGECOL (rows, columns, target
var m : matrix;
newcol : vector);

var
i : integer;
begin
for i := 1 to rows do

m[i, target] := newcol[i];
end; { changecol }

procedure INVERT (n : integer;
a : matrix;
var b : matrix);
(*invert the n-by-n matrix in a into b.*)
var
I, tmp : vector; v
j : integer;
begin
if det(n, a) = 0 then
writeln('invert : singular matrix')
else
begin
for j := 1 to n do

1

integer;




begin
I[j] :=1;
solve(n, a, I, tmp):;
changecol (n, n, j, b, tmp);
I[j] := 0;
end;
end;
end;
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Three Dimensional Graphics Library

(* 3D.1ib - THREE DIMENSIONAL GRAPHICS LIBRARY *)

procedure CLEAR;

(* Size and clear the Drawing Window *)
var
windowrect : rect;

begin

hideall; .
setrect (windowrect, 2, 35, 512, 342);
setdrawingrect (windowrect) ;
showdrawing;

end;

procedure MAP (x, y : real;
var hor, ver : integer);

(* Force hor and ver to be integer pixel coordinates *)

begin

if abs(x) > 1.9 then

x :=x / abs(x) * 1.9;

hor := 255 + trunc(x * 130);
if abs(y) > 1 then

y =y / abs(y);

ver := 138 - trunc(y * 130);
end;

procedure DRAW (x, y : real);
(* Draw to the point (x,y) *)
var
hl, vl : integer;
begin
MAP (x, y, hl, vl1);
lineto(hl, vl);
end;

procedure SHIFT (x, y : real);
(* Move invisible to the point (x,y) *)
var
hl, vl : integer;
begin

(continued)
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MAP (x, y, hl, v1);
moveto (hl, vl);
end;

procedure PLOT (x, y : real):;
(* Place a dot at (x,y) *)
begin

SHIFT (x, y);

DRAW(x, y);

end;

procedure ROTATE (var x, y, z : real;
a, b, ¢ : real);
(* Rotate (x,y,z) by the three Euler angles (a,b,c) *)
var
sx, sy, sz, tx, ty, tz : real;

begin

sX (= X * cos(c) - y * sin(c);

sy := X * sin(c) + y * cos(c);

sz := zZ;

tx := sx;

ty := sy * cos(b) - sz * sin(b);

tz := sy * sin(b) + sz * cos(b);

X := tx * cos(a) - ty * sin(a);
y := tx * sin(a) + ty * cos(a);
z = tz;
end;

procedure SPLOT (x, y, 2, &, b, ¢ ¢ real);
(* Plot a point at the (a,b,c)-rotated (x,y,z) but no change in(x,y,2z) *)
var
u, v, w : real;
begin
u = x;
v =Yy’
w = Z;
ROTATE(u, v, w, a, b, c);
PLOT (u, v);
end;

procedure SDRAW (x, y, Z, a, b, ¢ : real);
(* Draw to the (a,b,c)-rotated point (x,y,z) ; but no change in (x,y, z) *)
var
u, v, w : real;
begin
u = x;
v = y;
w o= Z;
ROTATE(u, v, w, a, b, ¢);
DRAW (u, v):;
end;
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procedure SMOVE (x, y, 2z, a, b, ¢ : real);
(* Move invisible to the (a,b,c)-rotated but unchanged point (x,y, z)*)
var
u, v, w : real;
begin
u = Xx;
v i=y;
w o= Z;
ROTATE(u, v, W, a, b, c¢);
SHIFT (u, v);
end;

procedure AXES (a, b, ¢ : real);
(* Draw the coordinate axes for new view (a,b,c) *)
begin
SMOVE (-1, 0, O, a, b, c);
SDRAW(1, 0, O, a, b, ¢);
SMOVE (0, -1, O, a, b, c),
SDRAW(O0, 1, 0, a, b, ¢);
SMOVE (0, O, -1, a, b, c¢):
SDRAW(O0, O, 1, a, b, ¢c);
end;

Special Mathematical Functions Library

(* MATH.1lib - Special Mathematical Functions Library *)

function GAMMA (z : real) : real;
(* gamma function of z > 0 *)
const
pPi = 3.141592653589793238463;
var
zZz : real;
begin
if (z > 1) then
GAMMA := (z - 1) * GAMMA(z - 1)
else if (z = 1) then
GAMMA := 1
else if (z > 0.5) then v
GAMMA := pi / (sin(pi * z) * GAMMA(1 - z))
else
begin
zz =1/ z - 0.5748646 + 0.9512363 * z - 0.6998588 * z * z;
GAMMA := zz + 0.4245549 * z * z * z — 0.1010678 * z * z * z * z;
end;
end;

(continued)
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function J (nu, z : real) : real;
(* Bessel function of order nu *)
var
n, d, £, sum : real;
ctr : integer;
begin
if z = 0 then
begin
if nu = 0 then
j =1
else
j = 0;
end
else
begin
f :=1/ GAMMA(nu + 1);
n := —(sqr(z) / 4);
d := nu + 1;
sum := £;
ctr := 1;
repeat
f :=f *n / (ctr * d);
d::=d + 1;
ctr := ctr + 1;
sum := sum + f
until abs(f) < 0.0000000001;
if z > 0 then
J := sum * exp(nu * 1ln(z / 2))
else

J := (1 - 2 * (trunc(nu) mod 2)) * sum * exp(nu * ln(abs(z / 2)))

end;
end;

function ERF (x : real) : real;
(* Exror function of statistics *)

var

temp, mult, t, al, a2, a3, a4, a5, p : real;
begin

if x < 0 then

mult := -1 .

else

mult := 1;

X := abs(x);
p := 0.3275911;

al := 0.254829592;
a2 := —0.284496736;
a3 := 1.421413741;
a4 := -1.453152027;
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a5 := 1.061405429;

t:=1/ (1 +p * x);

temp :=al *t +a2 *t *t +a3 *t *t *xt+ad *t*rt *t *¢t
+ a5 *t *xt *t *t *¢t;

ERF := mult * (1 - exp(-sgr(x)) * temp);

end;

function F (a, b, ¢, z : real) : real;
(* The Gauss Hypergeometric function ¥*)
var
g, sum : real;
n : integer;
begin
g :=1;
n :=1;
sum := 0;
repeat
sum := sum + g;

g:t=g*a*b*z/ (n*c);
n :=n+ 1;
a:=a+1;
b :=Db + 1;
c :=c + 1

until (n > 50) or (abs(g) < le-13);
f := sum;
end;

function M (a, b, z : real) : real;
(* The Kummer (confluent) Hypergeometric function *)
var

g, sum : real;

n : integer;
begin

sum := 0;

g :=1;

n :=1;

repeat

sum := sum + g;
g:=g*a*z/ (b *n);

n :=n+ 1;

a:=a+ 1;

b :=b+1
until (n > 50) or (abs(g) < le-13);
M := sum;
end;

function U (a, b, z : real) : real;

(* Associated confluent Hypergeometric function *)
const
pi = 3.1415926535897932;

(continued)
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begin
if abs(z) < le-10 then
U:=0
else
U :=pi/sin(pi *Db) * (m(a, b, 2) / GAMMA(1 + a - b) * GAMMA (b)) - exp
((1-b) *1n(z)) *M(1 + a -~ b,2 - b, z) / (GAMMA(a) * GAMMA(2 - b)));
end;

function HER (n : integer;
X : real) : real;

(* Hermite polynomial of order n *)
begin

if n = 1 then

HER := 2 * x

else

HER := x * exp(n * 1n(2)) * u(0.5 - n / 2, 3/ 2, sqr(x));
end;

function LEG (n : integer;

X : real) : real;
(* Legendre polynomial of order n ¥*)
begin
LEG :t=F(-n, n + 1, 1, (1 - x) / 2);
end;

function LAG (n : integer; _
a, x : real) : real;
(* Laguerre function of order n, superscript a *)

var
fact : real;

begin ,
if n mod 2 = 0 then
fact :=1

else

fact := -1;
LAG := u(-n, a + 1, x) / GAMMA(n + 1) * fact;
end;

function I (nu, x : real) : real;
(* Modified Bessel function of order nu *)
begin
I := exp(-x) * exp(nu ln(x / 2)) *m(nu + 0.5, 2 *nu + 1, 2*x) /
GAMMA (nu + 1);
end;

function K (nu, x : real) : real;
(* Modified Bessel function of order nu *)
(* positive args only *)
const
pi = 3.1415926535897932;
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begin
K: =exp(nu * 1In(2 * x)) * exp(-x) * sqrt (pi) * U(nu + 0.5, 2 * nu
1, 2 * x);
end;
function COMB (n : real;
m : integer) : real;
(* Combinatorial bracket n-over-m, m an integer *)

begin

if m = 1 then

COMB := n

else

COMB := COMB(n - 1, m-1) *n/m
end;

function JAC (n : integer;
a, b, x : real) : real;
(* Jacobi polynomial of order n, superscripts (a,b) *)
begin
JAC := COMB(n + a, n) * F(-n, n+a +b + 1, a+1, (1 - x) / 2);
end;

function TCHEB (n : integer;

X : real) : real;
(* Tchebyshev polynomial of order n ¥*)
begin
TCHEB := F(-n, n, 0.5, (1 - x) / 2);
end;

Number Theoretic Functions Library

(* NUM.lib - Number Theoretic Functions .library *)

function PMOD (x, y, z : longint) : longint;
(* return x * y (mod z) *)
var
e : longint;
begin
e :=1;
while y <> 0 do
begin
if (y mod 2) <> 0 then
begin
y =y - 1;
e := (e * x) mod z;
end;
y =y div 2;
X := (x * x) mod z;

end;
(continued)
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PMOD := e;
end;
function GCD (a, b : longint) : longint;
var
r : longint;
begin
if b < 0 then
b := -b;
if a < 0 then
a := -a;
if a > 0 then
begin
b := b mod a;
r :=1;
if b = 0 then
r := 0;
while r > 0 do
begin
q := a div b;
r :=a-4gq * b;
a := b;
b := r;
end;
end;
GCD := a;
end;

Differential Equations Library

(* DiffEqu.lib - DIFFERENTIAL EQUATIONS LIBRARY ¥*)

(* Procedure 'Update' is self-contained Runge-Kutta Solver ¥*)
(* for general second-order equation:*)

(* (dd/dtt)x = f£(x,dx/dt,t) *)

procedure UPDATE (var x, dxdt, t : reala
dt : real):; '
var
k1, k2, k3, k4 : real;

function £ (x, dxdt, t : real) : real;
begin

fi:=-k*x/m-2%*Db * dgdt / m;
end;

begin
k1l :=dt * £(x, dxdt, t);
k2 :=dt * f(x + dt * (dxdt + k1 / 4) / 2, dxdt + k1 / 2, t + dt / 2);
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k3 :=dt * f£(x + dt * (dxdt + k2/ 4) / 2, dxdt + k2/ 2,t +dt / 2);
k4 :=dt * f(x + dt * (dxdt + k3 / 2), dxdt + k3, t + dt);
X :=x + dt * (dxdt + (k1 + k2 + k3) / 6);

dxdt := dxdt + (k1 + 2 * k2 + 2 * k3 + k4) / 6;
t :=t + dt;
end;
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getmouse procedure, 17, 98
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enjoy microcomputers. Look for them all at
your favorite bookshop or computer store.

Macintosh" is a trademark licensed to Apple Computers, Inc.

create 3-dimensional graphs using Kupin
space-time models and parametric space
curves.

The guide’s self-teaching format makes it
easy for those who've already learned
Pascal to convert to Macintosh Pascal.
Examples and exercises from various sci-
entific disciplines are designed to
strengthen problem-solving and program-
ming skills. The book features a wealth of
pre-tested, powerful routines, covering
such areas as statistics, mathematical
physics and signal processing. Extensive
libraries of scientific routines in Macintosh
Pascal are also included.
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